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ABSTRACT
A mathematical model of a nonsimilar laminar or turbulent boundary layer
flow including entropy layer and transverse curvature effects is presented, and
a method of solution is given. In the present analysis, a turbulent model is
described which employs a mixing length model for eddy viscosity in the wall
region with consideration of injection or suction effects. The wake region
eddy viscosity is taken to be proportional to the free stream velocity and local
velocity defect thickness and includes ah intermitency factor. Transverse curvature
effects are also incorporated into the present analysis. A modification of the
Levy-Lees transformation is used to transform the equations of motion to the (£,n)
coordinate plane, where the conservation equations are integrated across boundary
layer strips. Derivatives "in the normal direction are related to one another by
Taylor series truncated to reflect a quadratic or cubic approximation, and stream-
wise derivatives are expressed in finite difference form. The resultant set of
equations is solved by general Newton-Raphson iteration.
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SYMBOLS
A parameter used in the solution of the mixing length equation (defined by
Equation (124))
B parameter used in the solution of the mixing length equation (defined by
Equation (125))
c constant introduced in the a constraint (Equation (35))
C product of density and viscosity normalized by their reference values
(defined by Equation (43))
C specific heat of the gas mixture
d ,d.,,d2 coefficients defined in finite-difference representation of streamwise
derivatives (defined in Equations (110) and (111) for two- and three-
point difference relations, respectively)
f stream function (defined by Equation (36))
f inviscid stream function (defined by equation (64))
h static enthalpy of the gas
h static enthalpy of the gas at the wall
h enthalpy of gas which enters boundary layer
HT inviscid flow total enthalpy (relative to zeroth streamline reference total
1
 enthalpy)
h inviscid flow static enthalpy difference commensurate with S. (equation
s , ^
(75))
HT total enthalpy
SL mixing length (defined by Equation (](?))
9. dimensionless mixing length (defined by Equation (47))
L parameter used in mixing length formulation (defined by Equation (121))
molecular weight of the gas mixture
N number of nodal points across the boundary layer selected for the purpose
of the numerical solution procedure
p dummy variable representing f or HT
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SYMBOLS (continued)
P pressure; also a parameter used in the mixing length formulation (defined
by Equation (118)) • : • -
Pr frozen Prandtl number of the gas mixture (defined by Equation (60))
Pr. turbulent Prandtl number (defined by Equation (45))
Tr local shock total pressure ratio
p' total pressure as measured by a pitot probe
q diffusional heat flux per unit area away from the surface
a
q , heat conduction per unit area into the surface material
q one-dimensional radiant heat flux (toward the surface), that is, the net
rate per unit area at which radiant energy is transferred across a plane
in the boundary layer parallel to the surface
r local radius in the boundary layer in a meridian plane for an axisyrometric
shape
r local radius of body in a meridian plane for an axisymmetric shape
R universal gas constant
Re Reynolds number; subscripted with the length scale if other than s
R
 f£ effective nose radius for Newtonian flow
s distance along body from stagnation point or leading edge
S entropy (relative to zeroth streamline reference entropy)
S. inviscid flow entropy (relative to zeroth streamline reference entropy)
t parameter defined to simplify problems with transverse curvature; see
Equation (42)
T static temperature
u velocity component parallel to body surface •,
u shear velocity, defined in Equation (24)
v velocity component normal to body surface
P_,... truncated series obtained in Taylor series expansion of
f f'p dn (defined by Equation (115))
i-l
y distance from surface into the boundary layer, measured normal to the surface
y dimensionless y-coordinate defined by Equation (24))
* i
y constant in the mixing length differential equation (see Equation (20))
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SYMBOLS (continued)
Y Cartesian vertical coordinate (see Figure 1)
1
a* flux normalizing parameter (defined by Equation (58))
OH normalizing parameter- used in definition of n (see Equation (34)) defined
implicitly by use of a constraint such as Equation (35)
B streamwise pressure-gradient parameter (defined by Equation (44))
6 y-dimension normalizing parameter (defined by Equation (46))
I J.-1 logarithmic distance between two streamwise positions denoted by the
subscripts I and £-1 (defined by Equation (112))
,Af|,...corrections for f^, f^, —, during Newton-Raphson iteration
<S* displacement thickness (defined by Equation 27))
<5* effective displacement thickness (defined by Equation (134))
c* incompressible or velocity displacement thickness (defined by Equation (28))
6n distance between two boundary layer nodal points (defined by Equation (103))
n,fi transformed coordinate in a direction normal to the surface (defined by
Equation (38)). Note: the hat is dropped from n throughout most of the report
n* intermittency reference value of n(where intermittency effects vanish)
9 angle between a surface normal and a normal to the body centerline
X thermal conductivity
V shear viscosity
v kinematic viscosity
£ £ transformed streamwise coordinate (defined by Equation (38)). Note: the
hat is dropped from C throughout most of the report.
p density
3 v total mass, flux per unit area into the.boundary layer
pe turbulent eddy conductivity (defined by Equation (7))
pe turbulent eddy viscosity (defined by Equation (2))
e diraensionless eddy viscosity (defined by Equation (49))
M
a Stefan-Boltzmann constant
o. intermittency factor (defined by Equation (31))
T local shear stress
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SYMBOLS (continued)
Subscripts
edge, e pertains to boundary-layer edge,
i inviscid flow / also index on normal coordinate
9. pertains to & strearawise position
?
m pertains to m iteration during the Newton-Raphson iteration process
n pertains to the n nodal points, corresponding to the outer edge of •
the boundary layer solution
sp pertains to the stagnation point
T stagnation condition
w pertains to wall
1 reference condition, usually taken as zero streamline from inviscid
solution (synonymous with boundary-layer edge in the absence of an
entropy layer)
00
 freestream
Superscripts
K equal to unity for axisyrametric bodies and zero for two-dimensional
bodies
* signifies that quantity is normalized by a*(e.g., = jj./01*)
1
 represents partial differentiation with respect to n or n (usually fi
unless otherwise noted). Represents turbulent fluctuation in Section II.
represents differentiation with respect to f
IX
SECTION I
INTRODUCTION
•?
A computational procedure is described which is suitable for obtaining
accurate numerical solutions of the nonsimilar laminar and/or turbulent boundary
layer with radiation absorption and emission, second order transverse curvature
effects, and a variety of boundary edge conditions including intimate coupling with
the inviscid flow energy and entropy gradients. A Fortran IV computer program
has been developed in accordance with this analysis with the exception that
radiation absorption and emission within the boundary layer is not permitted in
the version of the program reported here. This computer program, designated
BLIMP, for Boundary Layer Integral Matrix Procedure, is described in the liter-
ature. The analysis and computer program described herein are extensions of the
previously developed BLIMP program for treating laminar and turbulent boundary
layer flows with equilibrium and nonequilibrium chemical reactions described in
references 1-2. The full development of the turbulent boundary layer transverse
curvature model which has been incorporated is also described in the literature.
computational procedure was deveJoped while attempting to take advantage
of the most attractive features of other boundary- layer procedures. In light of
the general application of the procedure (including chemistry) , certain specific
requirements were appropriate. In particular, minimization of the number of "nodal
points" required to obtain a solution was judged to be of prime importance as a
consequence of the relatively large times associated with state calculations for
a general chemical environment and, in the streamwise direction, because of the
desire to couple the boundary layer procedure to a transient internal conduction
or ablation solution.
For a given accuracy, the number of necessary "nodal points" in the surface
normal direction is controlled primarily by the nature of the functions which
relate the dependent variables (and their derivatives) to the independent variable.
Thus the continuous functions typically used in integral relations approaches
require fewer "nodal points" than the functions with discontinuous first derivatives
implied by most finite difference approximations. In order to permit relatively
flexible profiles , sets of connected quadratics and cubics were selected to
represent enthalpy, velocity, and elemental concentrations. The first derivatives
(and second derivatives with cubics) of these functions were made continuous at
the connecting points. The advantages of such a "spline fit" are considered, ..
for example, in reference 3.
If the general integral relations approach is followed, weighting functions
must be selected. In the method presented, step weighting functions similar to
those used by Pallone (reference 4) are used. That is, the conservation equations
are integrated between nodal points (over strips) with a unity weighting function.
In the past when relatively large spacing in the streamwise direction has
been desired, iterative procedures have generally been used to assure accuracy
and stability. Some of these procedures have treated the solution in a manner
resembling that used for a similar solution but with the addition of finite
difference representations for the nonsimilar terms, a procedure which eliminates
the necessity of special starting techniques. Using this basic approach, the
specific treatment adopted in the current study follows most closely the matrix
pz-ocedure used by Leigh (reference 5) wherein the iteration is a consequence of
the solution of a set of linear and nonlinear algebraic relations. The general
Newton-Raphson technique was used in the present procedure to solve these simul-
taneous equations. This technique results in linearized coupling between all
relations required to characterize the boundary layer, and thus assures a more
general, rapid and stable iterative convergence.
This document is one of a series of reports describing the analysis and
solution procedure associated with the BLIMP program. The addition of an
inviscid entropy and energy gradient capability and reduction to a homogeneous
method provide the impetus for this report, therefore the entropy and energy
layer topics will receive a disproportionate share of discussion. Much of the
rest of the analysis and solution procedure is the same as is reported in the
literature; the reader is referred to references 1-2 for more complete
discussions.
This report concentrates on the fluid mechanical aspects of the problem
and describes the basic numerical solutions procedure. The procedures employed
for calculating the equilibrium state of a homogeneous gas are traditional and
since they are conveniently treated as subroutines to the basic boundary layer
computational procedure are not described here. Radiation absorption and emission
enters directly into the conservation equations only as a net radiation flux term
in the energy equation. The calculation of this term can be conveniently accom-
plished by a subroutine and is likewise not treated in this report.
Section II includes the entire mathematical modeling of the boundary layer
flow including discussions of the general conservation equations, turbulent flow
considerations, transverse curvature effects, coordinate transformations, and
boundary conditions including the entropy/energy layer considerations. Section III
outlines the integral matrix method for solving the simultaneous differential
equations including the integral strip relations, the mixing length solution pro-
cedure, and the Newton-Raphson iteration technique. Section IV presents some of
the results obtained with the program. Section V contains the summary, conclusions,
and recommendations for further study.
SECTION II
MATHEMATICAL MODEL OF THE BOUNDARY LAYER
1. GENERAL CONSERVATION EQUATIONS
In the present analysis, the usual turbulent flow technique of breaking
the velocity, and enthalpy fields into mean and fluctuating components, time
averaging/ and making appropriate order of magnitude approximations is used.
Taking the results of these manipulations as a point of departure, the streamwise
momentum equation becomes:
3P .j,
3s
where s and y are the streamwise and normal coordinates, respectively, u and v
are the velocity components in the s and y directions, respectively, r is the
radius from the body centerline to the point'of interest in a meridian plane
for an axisymmetric shape, K is zero for a flat plate and unity for a body of
revolution, p is the density, v is the viscosity, and P is, the local static
pressure. The eddy viscosity eM is defined in terms of the Reynolds' stresses
of turbulent flow by
M 3u '
3y
The transverse direction momentum equation reduces to zero when longitudinal
curvature effects are ignored. Since transverse curvature is included in the
present analysis, r must be treated as a function of y whereas in the typical
boundary layer analysis, r is set equal to r , the surface radius. The rela-
tionship between r, r , and y is •
r(s,y) = rQ(s) + y cos 6 (3)
Figure 1 helps orient the reader to the nomenclature being used.
In equation (1) and in the energy conservation equation to follow, turbulent
transport terms are expressed in Boussinesq form, that is, in terms of an eddy
>-
viscosity and eddy conductivity. Hence all terms are time-averaged quantities and
no need exists for using a superscript bar. In the order-of-magnitude arguments,
terms of the following types have been eliminated: 1) triple correlations,
2) derivatives of turbulent correlations parallel to the wall, and 3) correlations
involving turbulent components of molecular transport mechanisms.
The global continuity equation is:
„ o (4)
and the energy equation for the homogeneous boundary layer is
where H is the total. enthalpy (static plus kinetic)
HT = h + T~ ' (6)
h is the static enthalpy, T is the temoerature , C is the specific heat of the
gaseous mixture, and > is the thermal conductivity. The turbulent enthalpy
transport coefficient is defined by
Diffusive energy flux through the boundary layer is given by
* peHC )ip [ (8)
such that the energy equation can be expressed as
° " m I S
"V 3T = - licly
Equations (1), (4), and (9) comprise the boundary layer conservation
equations. The equations are parabolic in nature, therefore requiring speci-
fications of the dependent variables, their derivatives, (or a linear combination
thereof) along the wall (y = 0); at the edge of the boundary layer; and at the
initial body station. Typical sets of boundary conditions will be discussed
later in this report. Also necessary in the mathematical formulation of the
problem is the specification of the equation of state and a description of the
eddy viscosity and conductivity. The turbulent flow model is reviewed in the
next subsection.
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2. TURBULENT FLOW CONSIDERATIONS
In the conservation equations developed above, the concepts of eddy viscosity,
and eddy conductivity were used to express the correlations of fluctuating velocity,
and enthalpy fields in terms of mean field quantities. This is only one of
several possible techniques of closing the set of equations (assuming satisfactory
expressions for the eddy parameters are available), and it does not provide any
information regarding the evolution of the turbulent correlations as the flow
progresses downstream. Admittedly, it would be more desirable to describe the
turbulent fluctuations in a more complete manner such as with an entrainment
relation or a turbulent kinetic energy relation (reference 6). However, these
techniques are still in early stages of development even for incompressible single
component flows, therefore a more proven approach was selected. The Boussinesq
description of turbulent boundary layers has proved to be very useful, (particularly
for complex reacting flows such as are dealt with in the general method) and
is used exclusively in the analysis presented here.
There is a wide amount of latitude possible even within the eddy viscosity
framework of turbulence, particularly in applying classical incompressible models
to compressible flows. The following two subsections describe how the turbulence
model described in references 2 and 7 was applied to the compressible flow
problem.
a. Wall Region
Following the work of Clauser (reference 8) the boundary layer is
divided into a law of the wall region and a wake region. The relatively thin
wall region of the turbulent boundary layer is characterized by very steep
gradients in the turbulent transport and mean field properties. Turbulent stress
varies from zero at the wall to near its maximum value at the outer edge of the
wall region. There is a vast amount of empirical evidence that these turbulent
stresses and also the mean flow field properties can be described entirely in
terms of the wall state, wall fluxes, thermodynamic and transport properties of
the fluid, and the normal coordinate y. Since the streamwise coordinate does not
enter the solution for this region, the problem becomes a one-dimensional initial
value problem. Eliminating s derivatives from the continuity equation and.neg- .
lecting variations in r due to the thinness of the layer results in
or
pv = pwvw
where the subscript w refers to the wall value. Thus the wall injection rate,
P v , which may be a function of s, determines the transverse mass flux through
the entire wall region. Using the same technique for the momentum equation and
substituting equation (11)
where the wall shear, - , is also typically a function of s. For flows over an
impermeable wall with constant properties, this equation reduces to
=
 Tw
or
indicating that shear can be considered constant in the Wall region. For flows
rith injection, it is seen that shear varies with the mass injection rate and
Local velocity , that is ,
T = Tw + pwvwu
his one-dimensional description of the shear in the wall region is useful in
formulating a mixing length model for eddy viscosity as described in the following
aragraphs . It should be made clear however, that only the wall region turbulent
shear stress is assumed to behave in ,a one-dimensional fashion. In the solution
procedure, the complete two-dimensional equations of motion are solved over the
=ntire boundary layer.
A complete investigation of the validity of the mixing length postulate
for flows with injection has been reported in reference 9. The analysis used in
this investigation is an extension of that work; therefore, the reader should
refer to reference 9 for more details. '
Because of the current lack of understanding of turbulent mechanisms,
theoretical" predictions of the variation of turbulence near the wall must rely
)n empirical input into relations based on some phenomenalogical dependence.
'he generality of the ultimate goals of this analysis and the desire to approxi-
nate the physical situation dictated certain prerequisites for the turbulent
:ransport relations. These were:
a) The relations must indicate a continuous variation of the turbulent
transport properties from the wall to the fully turbulent region.
b) The relations must be generally applicable to mass, momentum, and
energy transport.
c) The relations -must be applicable to compressible or incompressible
flows with real gas properties.
d) The relations should be suitable for transpired and untranspired
boundary layers without any, or a minimum, modification of form.
Two basic variations of the eddy viscosity hypothesis have been proposed
in the past. The first type predicts the variation of turbulent viscosity from
the wall to the fully turbulent region. Reichardt, Rannie, and Deissler, in
references 10-12, have proposed such variations. The second type of hypothesis
involves a variation of mixing length from the wall into the fully turbulent
portion of the boundary layer. Rotta, von Kdrman, and van Driest (references 13-15)
have adopted this procedure! Data indicate that surface mass addition strongly
affects the eddy viscosity profile, and it was found that the first type of
hypothesis could not'be simply modified to predict this variation. On the other
hand, success of the mixing length theory in predicting profiles in the fully
turbulent portion of the boundary layer with surface mass addition has been noted,
for example, in references 16 and 17. it has generally been concluded that the
slope of the linear relation between mixing length and distance from the wall is
insensitive to surface mass addition. As a consequence of this apparent generality
of the mixing length approach, it was adopted for the present studies.
The basic mixing length postulate can be expressed as
where the mixing length, H, is a combination of various correlations, but retains
some relationship to the scale of turbulence. Prandtl proposed that this length
will, in its simplest form, be related to the distance from a wall, at least in
the region of development of turbulence. His proposition that
«32.|y- = constant, K (17)
has been tested under a variety of conditions and found to be quite adequate in
the fully turbulent portion of the wall region.
As the wall is approached however, this simple relation is no longer appro-
priate, and, in fact, it can be shown theoretically that
dim £
y->-o
U8)
This is a consequence of the Reichardt-Elrod criterion (see reference 9). Thus,
two criteria are specified, namely Prandtl's hypothesis which is appropriate in
the fully turbulent portion of the wall region and the Reichardt-Elrod wall
criterion as expressed by equation 118) .
Several means of expressing a relation covering the full range of y and
including these limiting criteria have been used by other investigators. It is
advantageous in considering extensions of mixing length theory to establish some
physical logic for the selected relation. Unfortunately, the understanding of
transition from the laminar to the turbulent portions of the layer has not reached
a state permitting any quantitative specification. Therefore, the selected model
can be based only on qualitative understanding of the process, dimensional
considerations, and the above limiting criteria. These criteria are satisfied
for incompressible flows by a simple implicit relation of the form
g|- « (Ky - a) (19)
which implies that the rate of increase of the mixing length is proportional to
the difference between the value postulated by Prandtl (Ky) and its actual value.
This rate of increase is assumed to be augmented by the local shear and retarded
by the local viscosity. Using these parameters to nondimensionalize the above
relation yields
y (Ky - ft) (20)
where y is the constant of proportionality. The coefficients K and y were
a a
shown in reference 9 to be invariant for a wide variety of flow conditions at
values of 0.44 and 11.83, respectively.
For compressible flows, the physical arguments must be changed somewhat.
Rather than describing the scale of a turbulent eddy, it seems appropriate to
describe the mass of the eddy with respect to the mass within the boundary layer.
Thus , by analogy to equation ( 19 ) , the rate of increase of the mass of an eddy
will be taken to be proportional to the difference between the mass available
between the wall and the point of interest (times an appropriate constant) and
the mass of the eddy:
(21)
Nondimensionalizing as above,
1, dpi
P dy pdy - pl)fi (22)
The constants K and yfl are left at their incompressible values of 0.44 and 11.83
for the time being. The integral-differential character of this mixing length
equation indicates a difficult solution procedure in the physical coordinate
plane. However, in the (q,£) coordinates introduced by the Levy-Lees transforma-
tion, the mixing length equation simplifies somewhat. This will be discussed
further in Section II-3.
For the special case of constant properties and zero injection (constant
shear), equation (22) can be integrated to yield
1 - exp { - i_ (23)
where
UT = WP
w
(24)
It can be seen that the Reichardt-Elrod criteria is satisfied at the wall. For
large y, Rotta's (reference 13) expression
(25)
is obtained. This special case result for constant property zero injection flows
is not used in the general analysis technique presented here.
b. Wake Region
• The wake region of a turbulent boundary layer is so named because the
flow in this region tends to have a wake-like character. In particular, in
the outer 80 to 90 percent of the boundary layer the local turbulent eddies
dominate the mixing processes within the flow, and the viscous effects
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become second ordur. Gradients in tho wake region arc- typically much smaller than
those of the wall region. Since the pressure gradient and streamwise derivative
terms are important in the wake region, the two-dimensional character of the
turbulence must be considered in its entirety, as opposed to the approximations
of the wall region.
A fortunate feature of the wake portion of the boundary layer is that eddy
viscosity is nearly constant across this region, at least for equilibrium*
incompressible flows. In particular, Clauser (reference 8) was able to relate
the eddy viscosity to edge velocity and a length scale i*
CM = 0.018 ux<5* (26)
for a great quantity of experimental data taken in equilibrium flows.
The quantity 6* in this relation is the displacement thickness
in which the .densities cancel out for incompressible flows. For compressible flows,
this length scale is inappropriate since under some conditions 6* can be negative.
Rather a velocity defect thickness
y (28)
is used such that the eddy viscosity in the wake portion of the flow is given by
CM = 0.018 u,6.* (29)M 11
A satisfactory technique for choosing the CM expression at any particular body
station is to use the wall region expression
3-7 (30)
until CM exceeds the wake value, equation (29), at which point £„ is held constant
at the wake value for the remainder of the boundary layer thickness.
*Equilibrium as used here refers to a particular pressure gradient, (C*/TW)(dP/dx),
which results in self-similar velocity profiles (reference 8).
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The foregoing turbulence calculation procedure must be modified slightly
when entropy and energy gradients in the inviscid flow are included. Since the
velocity gradient 3u/3y does not vanish for such situations, strong shear forces
can erroneously remain in the momentum equation (for example near the boundary
layer edge where in reality there should be little or no shear forces present).
To correct this situation, the concept of turbulent intermittance is introduced
in a very simple way such that the value of EM from equations (29) and (30)
is modified. A simple factor, a., is defined which linearly depends on the
transformed normal coordinate, n to be defined later.
a.=1.0 , n < n*1
 n -n • (31)
.^^ .m,.
and EM is multiplied by a. before it is introduced to the conservation equations.
The value of n* appearing in equation (31) is arbitrarily chosen as in to be
defined prior to equation (35).
c. Boundary Layer Transition
As can be seen from the form of the conservation equation, both the
molecular and turbulent transport terms are considered simultaneously. This
is necessary since an accurate description of the turbulent boundary layer re-
quires that the time-averaged fluctuation terms disappear near the wall. Another
reason for the inclusion of these terms is' the description of laminar or
transitional flows. From the form of equation (29) , it can be seen that for
very small S* the turbulent stresses will be small compared to the laminar ones.
Without any constraints on the equations as stated above, kinematic and eddy
viscosities are equal at a velocity displacement thickness Reynolds number of 56:
eM 0.018 u.6*1 — n — •*• J- f«\x - —- - - (32)
This Reynolds number is much lower than typical transition values,therefore
eM is artificially set to zero until some other criterion is satisfied. A
Reynolds number on momentum thickness, Ree, is currently used to trigger transi-
tion. (Alternatly the streamwise station at which transition is desired to
occur can be specified). Once the pre-specified transition value for ReQ iso
exceeded, turbulent transport properties are immediately brought into the solution.
Since the method provides for a nonsimilar solution, the influence of the upstream
12
laninar profile is foit for some distance downstream, thus simulating a transi-
tional region •
3. COORDINATE TRANSFORMATIONS
The equations of motion for a boundary layer flow can be solved in the
physical (s,y) plane by numerous techniques, however, it is generally advantageous
to transform the problem to another coordinate system. The transformed coordinates
offer the advantages of nondimensionalizing the solution, confining the solution
to a narrower region, minimizing changes in the dependent variables, simplifying
boundary conditions and occasionally result in the.deletion of streamwiae
derivative terms. This latter possibility occurs only under very restrictive
sets of boundary conditions. The coordinate transformation in the present
analysis is a variation of the Levy-Lees transformation and is derived in
the literature. The standard Levy-Lees transformation takes the form
&
ds
(33)
roul y
o dyf
J
The first alteration of this transformation is actually a mathematical convenience
for carrying out the numerical solution. Introducing a stretching parameter o.,
in the normal coordinate, a new coordinate system is defined by
?= e
(34)
The parameter a is taken as a function of C" only and is determined implicitly
during the solution. Its purpose is to stretch the n coordinate such that the
boundary layer remains of constant thickness in the iT coordinates.
Since a new variable aH(£) is introduced an additional- relation is required.
This is conveniently supplied by constraining some arbitrary point near the
boundary-layer edge, nc« to have a specified streamwise velocity, c, near (but
something less than) the edge value:
= cf
c
(35)
edge
13
where f is the transformed stream function defined as
Ji n"
IT- drf (36)
and the prime denotes differentiation with respect to n so that
f - a _
 (37)
Examples of the utility of the stretching parameter <XH are contained in reference
2.
The second change in the Levy-Lees transformation has to do with the
transverse curvature effect. For very thin axisymmetric bodies, it is possible
to have boundary layer thicknesses on the order of the body radius r . In this
instance, it is necessary to treat r as a function of y, thereby including its
variation through the boundary layer. The coordinate transformations become
C - / P,alWlrr ^i-^ r
(38)
Ul y K
—f=^ f pr dy
j'2£ Jn
Utilization of the above coordinate transformation relations results in
a new set of governing equations in the (£,n) coordinate plane which will be
given below. The hat(~) notation will be dropped for the remainder of the text
for simplicity, however £ and n are given by equation (38). Primes will refer
to derivatives with respect to n except when noted otherwise.
The global continuity equation is automatically satisfied by the definition
of a transformed stream function f(?,n) , shown in equation (36) , and redefined
here in the final coordinate system:
f - f.. = OL. f £- dn (39)
f = -^ /-- d4 ' (40)w
The other governing equations will be discussed separately.
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Streamwise Momentum Equation
ff" +
/ af• 3 in a \
= 2 ft
 FETT - f a m t - fil ^TTTT) <4 1>i o )tn c, d xn ^ o Jen fj, I
In this equation, utilizing the technique of reference 18, the transverse curva-
ture effect is included entirely in the coordinate transformation and in the
definition of t:
/„ \2 2ctu/2l; cos9 2 n
tH(r-l = I + -JL-2 / i dn (42)
Vro/ .u,r» / P
where 8 is the angle between the surface normal and a plane normal to the body
centerline (see Figure 1) . Other definitions of interest are:
c s U3)
For solutions without consideration of transverse curvature, t is set to 1.0
throughout the boundary layer. A rigorous development of the coordinate trans-
formation with transverse curvature is' given in the literature.
Turbulent Model Equations
The turbulent fluctuations are related to the rcean field through the eddy
models described in equations (2) and (7) . Eddy viscosity is described by a
wall law and wake law, while eddy conductivity is related to eddy viscosity by
the turbulent Prandtl number:
Pr. H J" "(45)
t £H
Defining
6 3 (46)
plulro
15
(47)
Re.. H -^ -A_ (48)6 p
P2e
The wall region eddy viscosity relation becomes
p(Re,.) -
e = 2- JL2f» (wall region) (50)
0laH
= 0.018|£-} Re^ (wake region) (51)
where
6* = 6au / [ i - i-l^ji dn (52)
Transverse curvature is not considered in determining the wake region length
scale 5t. The governing equation for iu_x-.ny length, which must be solved for
tho entire boundary layer (although .It is used only in the wall region) , is
f£-^_ («v-> («i
y y \ /&
Since mixing length is used only in the wall region, it is valid to use the one-
dimensional expression for shear stress, equation (15). In transformed
coordinates, this becomes
T" ~ — „ | ' 5 ~ T _
 T. i J 154)
Energy Equation
/ 3 HT 3f
fH^ , + [t(-q* + q*)]' « 2^f
 3 £*- ^ - H^ gr£n g ) (55)
where q* is the normalized diffusive energy flux away from the surface including
turbulent fluxes and q* is the normalized radiant energy flux toward the surface:
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q* = qa/a* (56)a d
* = qr/a* (57)
The flux normalizing parameter a* is defined by
1C
°lulylr
a* H 1 L x = - (58)
Diffusive Fluxes
The normalized diffusive energy flux is given by
where Pr is the Prandtl number -based on the mean specific heat
C u
Pr = -P— (60)
When certain groupings of parameters are constant so that the flow simi-
larity assumption is valid the terms on the right-hand side of the conservation
equations (equations (41) and (55)) vanish, in which case the conservation equa-
tions become ordinary differential equations. It should be emphasized that the
equations as presented herein are equivalent to the corresponding boundary-
layer equations presented in Section 2.1. That is, no similarity 'assumptions have
been made in their development.
4. BOUNDARY CONDITIONS INCLUDING ENTROPY LAYER EFFECTS
The usual set of boundary conditions for the boundary layer flow problem
consists of the specification of initial profiles for the dependent variables
f and H plus additional specifications of these quantities along the wall
and at the edge of the boundary layer, and the specification of f along the wall.
However, since the analytical techniques presented here are used to compute"
boundary layer properties for flows over ablating or transpired surfaces, these
boundary conditions have been greatly generalized. Some of the numerous options
resulting from this generalization are discussed below.
The boundary layer edge conditions typically are found from an isentropic
expansion from known elemental gas composition and stagnation conditions. Thus,
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given a set of stagnation conditions and a description of local static pressure
along the surface of interest, thermodynamic techniques may be used to establish
the entropy of the gaseous mixture which, when combined with the specified pres-
sures, can be used to establish the complete equilibrium edge gas state at each
body station. Edge boundary conditions then consist of
i
f edge =
HT = HT
edge edge
1
 (61)
actual
where the subscript "edge" refers to conditions specified at n = , chosen toQQCJG
be outside the boundary layer (see Section II-3) . An additional constraint at
the conventional boundary layer edge (which is necessary only when cubics are used)
is the requirement of • zero slope, i.e.,
fedge
H^ = 0 <62>
edge
It is possible to specify edge entropy as well as pressure. Thermodynamic
techniques are then used to establish the complete edge gas state for a non-
isentropic expansion around the body of interest.
With the existence of energy or entropy gradients in the inviscid flow
field, the establishment of the "edge" condition becomes arbitrary. The method
described below couples the viscid and inviscid solutions through the stream
function such that the edge condition "floats" depending upon the value of the
stream function calculated at the edge n value, in this method the arbitrary
reference condition (denoted by the subscript 1 in the preceeding equations) is
assigned to the wall strean line of the inviscid flow field (see Figure 1). In the
boundary layer the corresponding stream lin£ is represented by the zero stream func-
tion so that by assigning the same stream function value to the wall inviscid stream
line the two flow fields can be coupled, since the changes in the inviscid flow
field entropy and energy can be uniquely related to stream function. Thus, the
relative inviscid flow field entropy, S. , and total enthalpy HT. are defined by
the functions :
S. = S.(f)
and _ (63)
HTi = HTi(f)
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where f is the inviscid flow stream function which is given by:
fy Kf = f pur dy (64)Jy(f=0)
and where the reference (zeroth stream function) of entropy and enthalpy are:
S. (0) = 0
(65)
HTi(0) = 0
Similarly the "edge" coupling can be shown .in the functional form
(66)
HTi = HT
edge Tedge
The exact functional form of Equations (66) are of course problem dependent —
depending on shock shape, strength, etc. in the inviscid flow field. The
relationship between f and f is obtained from the definition of the boundary layer
stream function, f, given by equation (39). .and the derivative of equation (38):
Ul Kdn = — - — pr dy (67)
From the definition of a* (Equation 58)
a* = P1V'lro/(2C)1/2 <68>
Equation (67) can be cast in the form:
dn = « P r y (69)
plplVo
Ml
with 6 = -y and recalling that OH is a function of s alone, then (39) becomes:
f
-
y(f=0) plUlro plulro6 y(f=0) plulro6
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Thus f and f arc related by the proportionality constant u. p. r~6( = /?£). The
function forms can now be written (with the notation e for edge)
SB(f) E S
HTe(f) B "T.
(71)
The derivatives of these functions with respect to f are then given by (with t
now denoting differentiation with respect to f ) -
i df
(72)
dHm._
The edge velocity relative to the reference velocity, u, , is given by the change
in energy expressed in the form
(73)
ue = ul + 2(HTi - hs)
fe ue / 2(HTi -
-5. = u = -^ = I 1 + v-iA
~
v/here h is the change in static enthalpy commensurate with the change in entropy,
The relationships between h_, velocity and total enthalpies can be displayed by
writing the energy equation as:
so that it is seen that the change in static enthalpy is defined by
hs H he - hj_ (75)
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For a given solution iteration, the value of h can be obtained from the current
value of h and S by a Taylor's series 'expansion around h (at constant pressure)
e e e
h = h - h, + dh
s e "1 3S
. 2 ~
 Se)
2
Dp
 (76)
hs = he - h., + T(Si - Se) (1 + (Si - Se)/2Cp) + . . .
The reference static enthalpy, h., is known from the reference expansion of
the zeroth streamline. In the current version of the method only the terms
in the expansion shown explicitly in equation (76) are used. The derivative
of edge velocity in the normal direction due to entropy and energy gradient
effects is given by
3u 3(u /u )
ue = 37T - 3n (77>
which (by the use of equation (73)) can be cast in the form:
ueue =
\ ul / e \ ul /
(78)
/* _ _ . . »
or:
Because h = h (S.) and S. = S. (f) , it follows that h = h (f) and also that
S S JL 1 1 S . S
h = h (P,u,r 6f ). Thus by use of equation (72) for H_; and by analogy to
s s A • o e i
(72) for hj, u' is given by:
S €
r^6(H_t - hM
O A i S /<-»A
In summary, when the inviscid flow field contains entropy and enthalpy
gradients these effects may be conveniently treated within the present boundary
layer method by appropriate modification of the "edge" boundary conditions.
In particular equations (61) become
fedge " «Hfie (80)
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as given by Equation (73) and
"T = H + H (80)
edge 1 Ji
If it is desirable to prescribe gradients of these variables, cubic equations
should be used at the edge and Equations (62) become
as given by Equation (79) and the enthalpy gradient by
II' = 8HTi
 =
 3HTj, 3f 3fe
3M
 3£ 3f 3H
(82)
edge *• e
The energy and entropy gradient effects are implimented in the computer
coding of the boundary layer equations apart from the matrix inversion solution
through a table look up procedure. In effect, changes in entropy from the
reference, S., and like changes in enthalpy, H_ , are input for discrete values
of inviscid stream function, f. Local values of S. and H and local derivatives
s! and HT'. for a given boundary layer edge stream function value, f , are obtained
from the tabular data by an overlapped cubic curve fitting procedure.
Initial profiles of f and HT are difficult to establish for the gen-
eral problem, therciforo calculations are often started with reasonable assumed
prcfiles far upstream of th<~> region of interest so that effects of erroneous
assumptions will die out. Another possibility for initially laminar problems is
to assume a similar solution as a starting profile. This assumption reduces the
equations to ordinary differential equations at the starting point, which may be
solved simultaneously for a set of profi'les unique to the assumed edge and wall
state. The similar solution is exact at a body stagnation point, therefore this
approach is particularly valuable for blunt body problems.
The wall boundary conditions allow the widest selection of specifications.
The simplest combination is the straightforward assignment of velocity, enthalpy,
and stream function at the wall:
fw = 0 no slip
fw = fw(0 specified pwvw (83)
HT = h (f.) specified enthalpy of gas
w w
 at the wall
Wall temperature may be used to find wall enthalpy in the above formulation.
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5. STAGNATION POINT CONSIDERATIONS
Equations (58), (44), and (40) for ex*, fi, and f , respectively, are
indeterminant at the stagnation point of .a blunt body. Special forms for these
equations valid at the stagnation point are shown in reference 1 to be given by
(84)
(85)
where the Newtonian flow
and
6sp = 1/U + 1) (86)
<87>
with R er an effective nose radius taking into account the shock shape. Alterna-
tively, & and (du,/ds) can be computed from curve fits of the inviscid
"* "IP •*• P
pressure distribution. The transverse curvature parameter t also requires
some special treatment at a stagnation poini
which is evaluated at a stagnation point by
v-ll/2
e t. The troublesome term is cos 8/r
cosex , d 2 ( L -6 (88)
In addition, to improve the accuracy of numerical integration procedures
in the nose region, £ and f can be computed by the following relations
f. =
 2 (K\ l} i r,M-rH~; \d(S—) (89)
which take advantage of the fact that u^s and ro/s vary more nearly linearly
in the stagnation region than do u, and rQ. These equations are also discussed
more thoroughly in reference 1.
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Stagnation point problems are encountered for entropy and energy layer
problems as well. In this case f ' and f" are also indeterrainent since u, in
the denominator of Equations (73) and (79) is zero at the stagnation point.
It will be seen that the formulation for avoiding these indeterminate forms are
more complicated — for instance, axisymmetric and 2-dimensional shapes requiring
separate treatment -- than is the case for a*, 8 and f . In the following
development, the factor 2 (H - h ) /u* in Equation (73) will be operated on for
S X
illustrative purposes. Applying L 'Hospitals rule to this term and performing
the indicated differentiation as before yields
2(H_..-
2(H_.-
>i
2d(HT.- hg)/ds
du*/ds s+0
- h )/df -df /dsi s ' e e
uldul^ds
;«fe)/ds
u.. du../ds
s+0
(91)
For plane blunt bodies u, ^ s, r* = 1.0 and the derivatives of the remaining
terms are zero at the stagnation point (symetry), thus
ds
Thus:
(92)
s-»0
which is still indeterminate. However, a repeated differentiation yields:
- (sif- (93)
and thus
sp («Tr - [2-dJ (94)
A similar differentiation for u ' yields
and thus
f "
 = J-d]
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For axisymmetric bodies both u. and r vary with s so that
ds
du, dr
ds u (96)
Now in the vicinity of the stagnation point r -*s and du./ds-»u,/s, so that
2(HTi -hs'
2
1 s+0
u.. du,/ds
- «<--:' (97)
2(H±
s-0
Therefore
sp
2(H I - h^)p
 6f
—2
L/2
du,/ds [axisym] (98)
Similarly for Ci1
HTl - h>s)]
du,/ds (99)
which, neglecting the second terra with second order derivatives, becomes
a; (100)
and finally
e
sp du,/ds
[axisym] (101)
In the computer program, the second derivatives in these equations are approxi-
mated by simple two point differences of the cubic curve fit derivatives.
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SECTION III
INTEGRAL MATRIX SOLUTION PROCEDURE
The solution of the transformed boundary layer equations presented in
Section II uses an integral matrix method which has been developed specifically
for the solution of the nonsimilar, coupled, chemically reacting boundary layer.
A complete presentation of the integral matrix procedure was included in reference
1, where solution of laminar flow problems was discussed. In the present effort
this technique has remained essentially unchanged, however new variables and
equations have been added to describe the turbulent aspects of the flow and to
include transverse curvature and the entropy and energy layer effects. The
present discussion will therefore review only the highlights of the method, and
the reader may refer to reference 1 for more details.
In the integral matrix procedure, the primary dependent variables and
their derivatives with respect to n are related by Taylor series expansions
such that these dependent variables are represented by connected quadratics
or cubics (either opbion is available), That is, f' and HT are expanded in
Taylor series form and the series are truncated to reflect the proper poly-
nomial representation. A nodal network is defined through the boundary layer
and the Taylor series expansions are assumed valid between each set of nodes,
with an additional requirement of continuous first and second derivatives (a
spline fit). Primarily for convenience, the conservation equations are integrated
across each "strip" (between nodal points) using a unity weighting function.
The linear Taylor series expansions together with linear boundary conditions
form a very sparse matrix which has to be inverted only once for a given pro-
blem. The nonlinear boundary layer equations and nonlinear boundary conditions
are then linearized, the errors being driven to zero using Newton-Raphson
iteration.
In Section III-l the Taylor series expansions are presented, the inte-
grated form of the momentum equation is discussed, and techniques for evaluating
integral terms are demonstrated. In Section III-2 the special techniques applied
to the mixing length differential equation are discussed, and in Section III-3
the actual simultaneous equation solution procedure is summarized.
1. INTEGRAL STRIP EQUATIONS WITH SPLINED INTERPOLATION FUNCTIONS
Consider the boundary layer in the region of a given streamwise station
s as being divided into N-l strips connecting N nodal points. These nodal
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points are designated by r^ where i = 1 at the wall and N at the edge of the
boundary layer. Consider a function p(n) which with all its derivatives is
continuous in the neighborhood of the point n = n•. Then, for any value of n .in
this neighborhood, p(n) may be expressed in a Taylor series expansion as
(102)
—-••«- J, .*- .4. f- J. \J - i . * . " *
where
(103)
Conventional finite difference schemes, in effect, typically truncate the Taylor
series after the first term and use the resulting expression to relate p1 to p,
etc., that is
<««
Round-off error is then of order (<5n) 2 and many nodes must be chosen to bring
this value down to acceptable limits. One can achieve a reduction in the number
of nodes for a given accuracy by employing a quadratic or cubic relation re-
presenting the function p over the interval of interest. This can be achieved
by truncating the Taylor series after the third or fourth term. The cubic
approximation will be used for the remainder of this discussion. The p. can
be considered to be any of the f. , f.', fV,f"', H , H' , or H" . Since thei i i, i i i - I-
highest derivatives of the dependent variables which appear in the boundary
layer equations are fV' and H^, it is reasonable to truncate the series at the
next higher derivative and to consider that derivative as being constant be-
tween n. and 1j+-i/ that is,
f i i i _ f i i i
f"" i+l i
i i+l
H I ' I Ai 4-1 ^i
H
T = — ii i+l ori
H" - H» <105>
Thus, rather than using finite difference approximations similar to Equation (104)
which are substituted directly into the governing differential equations, a set
of linear relations between the dependent variables and their derivatives is
obtained and is solved simultaneously with the governing differential equations.
These linear relations are of the form
27
(106)
(107)
2IL -L r," iH = 0 (108)« I _i -.11 Vl' _l_ »*H UlD + D ••—- + D . — •-yi Li 2 Fi+l 2
where in equations (107) and (108) the p. can represent f!, or H . •
Notice that f' has been taken to be a cubic over each strip, rather than
the stream function, f, since it was desired to represent velocity (u = u,f'/<*..)
with the cubic. Equations (106) through (108) above, when written for each
adjacent pair of nodes; give 5(N - 1) simultaneous algebraic equations for the
7N + 1 unknowns, fn/ f^, f ^, f ^' , afj, HT , H^, , H£ at each streamwise station.
Additional relations must come from the governing differential equations and the
boundary conditions. It is important to note that the f, f, etc., are treated
as individual variables related by algebraic equations. It is also important
to note that the coefficients in Equations (106) through (108) are functions of
<5n only; therefore, this portion of the resulting matrix need be inverted only
once for a given problem.
The conservation equations (41) and (55) contain streamwise derivative
or "nonsimilar" terms. In the present solution technique, two or three point
finite difference formulas are considered sufficient to express these deriva-
tives, since gradients in this direction are not severe. As in reference 1
= d ( ) + d < )., + d ( ) (109)
LJ Xf JL JC JL f. y*~~ 4,
where ( )„_, refers to the previous streamwise station.
for two-point difference and
o Ao_i +
= 20
(111)
= 2
2
 P,AJl-2 !>-lA£-2
for three-point difference where typically
£.^ {.-1 = an ^v. ~ 9'n ^ d-l = in^ !t./'^ 2,-l^  (112)
*The mixing length is not included in this variables count since • mixing length
3 t:
28
(as well as e in the wake region) is reated as a state property.
The three-point difference relation is generally used unless a similar solution
Ls desired (in which case d = d, = d_ = 0) or unless the point in question is'
the first point after either (1) a similar solution or (2) a discontinuity
(e.g., where the body changes shape abruptly, or where mass injection is suddenly
terminated).
The next step in the treatment of the conservation equations is their
integration across the boundary layer "strips". The primary reason for this
integration is to simplify the n-derivative terms in the energy and species
conservation equations, since it is not convenient to express the complex q*
a
and j£ terms in derivative form. The solution can actually proceed very nicely
without integrating across strips (see reference 7) without any noticeable change
in speed, accuracy, or stability for simplified problems such as incompressible,
nonreacting flows. The weighting function for integration between nodes in this
integral method is unity. In the terminology of the general method of integral
relations, where integrals are carried from 0 to °» in r) (reference 19), a square
wave weighting function is used which is unity across the strip in question and
zero elsewhere. The equations are then integrated N-l times with the square wave
applied to each strip in succession. Using the momentum equation as an example,
the integration from.i-1 to i results in
C ffdn
4.-i
-f
• i "'• i • ni-l i-l i-l
•£"*1-1
l-l * d2(tn «H)l-2]dT« -/ f"(dOf + dlf*-l + d2f*-2)dr1 <113)
The Taylor series approximations introduced earlier can also be used £o express
the integral terms above. As demonstrated in reference I/ the termJl "f'P dn
becomes
i
/" f p dn = f| XPj^ 4 fV XP2 + ££" XP3 + f^j_ XP4 (114)-
-i-l
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where
XP = 6n
YP — —X 2 -
XP.
XP4 '
11(fin)
120
., ll(6n) 2,
i 420
(115)
5(6Ti)
This technique is used to rewrite each of the integral terms in equation (113)
above of the formT^, f'p dri. The remaining integral term in the momentum
equation,f"!' . (p,/p) dn is evaluated by approximating the functions as cubics over
the strip and integrating directly. This yields
plpi-
12 (116)
However, before discussing how the set of algebraic equations is solved,
Section III-2 describes how the mixing length differential equation is solved.
2. SOLUTION OF THE MIXING LENGTH EQUATION
The mixing length equation is a first order linear differential equation
whose solution can be written directly in general terms. The differential
equation is
Defining
(KaHn -I)
P(n) =
aHp,6/T /P
(117)
(118)
results in
dSL (119)
The solution to this equation is
I = KO,, n -
dT1 dn-
(120)
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The remaining problem is to evaluate the integral terms. Defining
rn>
' C-a '*"*>•
U21)
yields
= Ka (n - (122)
A complete description of the technique used to evaluate L(n) is available
in the literature. In essence, P(n) is assumed to vary linearly over the
interval l._, to n- » and the integrals are expressed in a more tractable
form. The final expression is
L.
x
Dw(-
AP.
(123)
where
1/2
(124)
B 2
 e
Ani H
(125)
(126)
D..( (127)
The Dawson Integral, DW( ), can be evaluated from tables preference 20) or by
a series method. A series evaluation method is used in the present analysis.
Thus, combining equations (122) and (123), an explicit recursion formula for
mixing length at each node is obtained. This mixing length is a function of
local shear, viscosity, and density through the variation of P(n)» and is re-
evaluated at each node on each iteration during the course of a solution.
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3. NEWTON-RAPHSON1 ITERATION FOR A SOLUTION
A complete description of the Newton-Raphson iteration procedure as
applied to the laminar equations of motion was given in reference 1. Since
the procedure is basically unchanged with the addition of turbulent flow,
transverse curvature, entropy and energy layer equations, it will be reviewed
only briefly hero.
To illustrate the Hewton-Raphsor. method, consider two simultaneous non-
linear algebraic equations
F(x,y) = 0 G(x,y) = 0 (128)
the solution for which is given by x = x, y = y. Define x and y as the values
.1-1-. ^^  ^^
of x and y for the m1" iteration. The desired solution f(X,y) can be expressed
in a Taylor series expansion
0 = F(x,y) - F(xm/yin) + (x -
(129)
0 = G(x,y) = G(x.yJ + (x - x ) . m m
The Newton-Raphson method consists of replacing (x,y) by ^m+i'ym+i) on t^6 right-
hand side of these expressions and neglecting nonlinear terms in x -. - x and
y . - y . This yields the set of simultaneous equations
(130)
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or in matrix form
r
3x
Sx
v;here
3y
ay
(131)
'm
(132)
The Ax and Ay are the corrections to be added to x and y , respectively, to
m m i n * - h
yield the values of the dependent variables for the m + I01 iteration. Here
F{x ,y ) and G(x ,y ) are the values of the original functions F(x,y) and GCx^y)
m m T O m
evaluated for x = x and v = y . As the corrections approach zero, the P(x ,y )
m - m - ra m
and G(x ,y ) approach zero. Hence, it is appropriate to look upon these as
m m
errors associated with the original equation (128) . It is apparent that this
procedure can be extended to an arbitrary number of functions and a corresponding
number of primary variables.
For the purpose of the present analysis, it has been found most convenient
to consider the primary variables as f ? , f H H ,. r and
This amounts to N 4- l unknowns where N is the number of nodes to be considered
in the boundary layer. Recounting the number of equations, we have
Taylor series expansions
Boundary layer equations
Boundary conditions
a., definitionn
Total
Eqn. Numbers
(106) - (108)
(113) and equiva-
lent energy equa-
tions
(61), (62), (83)
or equivalent
(35)
No. of Equations
5(N - 1)
2(N - 1)
7
1
7N + 1
Other secondary variables such as r, p, T, etc. are expressed in terms of those
listed above. The corrections in these secondary variables are therefore found
in terms of the corrections to the primary variables.
The use of the Newton-Raphson technique for the current set of eauations
requires the evaluation of the partial derivatives of each equation with respect
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to each variable. The partial derivatives of the Taylor series equations and
linear boundary conditions are exactly the same as in reference 1. Again, the
reader is directed to reference 1 for the full exposition of these lengthy
and tedious equations which will not be repeated here.
Tne technique of relating corrections on secondary variables such as C,
P, T, PR, etc., to correcrions in primary variables was fully explained in ref-
erence 1. The same techniques are used for the new corrections At and Ae.. (and
~ M
Au for energy and entropy layers).
Once the correction coefficients (partial derivatives with respect to each
primary variable) for each equation at each nodal point are found, they are
arranged in matrix form for further manipulation. The order of the primary
variables and the order of the equations is of some importance in the matrix
formulation. It is most convenient to divide the variables into "linear" (symbol
L) and "nonlinear" (symbol NL) sets, namely
[AL j BL 'I TAVL "| PEL "1ANL ' DNiJ LAVNL] LENLJ
where the linear equations are the Taylor series equations and some of the bound-
ary conditions. The purpose of the partitioning is to allow operations on sec-
tions of the coefficient matrix which result in significant simplification of the
overall inversion. In particular, since the coefficients of the linear equations
are all constant or functions of the fixed nodal spacing, this portion of the
matrix (the AL portion) can be diagonalized once and for all in any given prob-
lem. In essence, the corrections on the linear variables AVL are always ex-
pressed in terms of the nonlinear variable corrections AVNL. The choice of
linear and nonlinear labels for the variables is somewhat arbitrary, but care
must be taken that the AL matrix not be singular. It has been found convenient
to arrange the variables into the linear and nonlinear groups as follows:
, A f , , . . . , Af , Af" Af" Af ' Af " ' , A f ' " , . . . A f ' " ) j and AVL H (AH ' ,£. $ l\ £. 3 n X <i u n i •
, AH,}, ,... AH^, , AH^, , AH^, , . . . AH^, ). The nonlinear variables are then
arranged in the following order: AVNL (Aa , Af , Af", Af,', Afi,... Af') ; andi* rl W W J. *• Ii
AVNL.. (AHl , AH,,, , AH ,... AH )• The order'of the linear equations in the
"
 Aw 1w A2 n-1
present matrix procedure is:
No. of
Equations Description of Equations
3N-2 Linear boundary conditions and •
Taylor series for f, f, f", f"
2N Linear boundary conditions and
Taylor series for HT/ H^ ,, H^,
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The nonlinear equations are sequenced as follows:
No. of
Equations - Description of Equations
4 Nonlinear boundary conditions
and a., constraint
n
N - 1 Momentum equation for each pair
of nodes
N Energy equation for each pair of
nodes plus wall enthalpy equation
Special logic has been written for the matrix inversion, taking advantage
of the regular sparseness of the matrix. Once the corrections for the linear
and nonlinear variables are found, these corrections are added to the variables
to form the new guesses. The magnitude of 'the errors for each equation are
checked and the procedure advances to the next iteration if the absolute values
of the errors exceed prescribed upper limits. If the errors are acceptable,
iteration is completed for the current streamwise position £. Typically, three
to six iterations are required to reach a satisfactory solution.
4. SOME RESULTS FOR BOUNDARY LAYERS WITH INVISCID ENTROPY GRADIENT
A total of five sample problems are presented here to demonstrate the use
of the boundary layer theory and computational methods on problems with entropy
gradients in the inviscid flow field adjacent to surfaces of interest. A
limited comparison of the theoretical results with experimental data obtained in
the Antes 3.5 ft. hypersonic wind tunnel is also presented. The problems are
presented in order of increasing entropy layer effect. The free stream Mach
number for all problems is 10.5 and .air is the working fluid.
]t is pertinent to point out here that a number of conventional boundary
layer parameters traditionally calculated (and which are found in the results
presented here) lose their physical meanina in flows with entropy gradients.
For example, momentum thickness and displacement thickness (as traditionally
defined) have no physical significance for flows with entropy and energy layer
effects. A modified definition of displacement thickness which does have the
usual physical definition is presented in the results to follow. This effective
displacement thickness , 6*, is given by:
1 I df
-- 5»
/I 44 \
' '
where the inviscid variation of p and u as a function of stream function, f , is
included in the integration.
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Reynolds number ancl the transfer coefficients are based on the reference
streamline property values. This choice is arbitrary and one of convenience since
free stream values (or some other arbitrary reference) could be used equally as
well. . '
Only the results from a few selected output stations are presented here.
The total number of stations for which calculations were performed ranged from
8 for the sharp bodies to about 20 for the blunt bodies. The stations selected
for presentation here correspond to the instrumentation'stations employed in the
Ames hypersonic facility testing (references 22 and 23).
a. Flat Plate with Sharp Leading Edge - Laminar Flow
A schematic of the physical situation is shown in Figure 2. This
figure shows a flat plate with a sharp leading edge (attached, shock wave) at
at a 3° compression angle, the shock having a slightly curved shape because of
boundary layer effects. In this and subsequent problems, the theoretical invis-
cid flow field data were obtained from computer solutions generated at Ames
prior to the conduct of this study. The boundary layer displacement corrections
made in these inviscid solutions were approximate and do not reflect the boundary
layer properties calculated in this study as iterations of this kind were not
performed between the inviscid and BLIMP solutions. The inviscid computer code
used'at Ames whicii produced the data used in this study is based on the method
of Lomax (reference 21), and the method of Soremson (reference 24).
In the computer output which follows special attention is drawn to the
shock-entropy table in the first part of the output and the entropy and total
pressure profile data supplied at each solution station.
Perusal of the output for the eight solution stations shows little effect
of entropy layer. The velocity overshoot above the reference velocity is only
1/2 of 1% at the last station considered. Part of the reason for the low magni-
tude of the entropy layer effect is due to the assumed shape of the entropy
versus stream function curve (or alternately the shock shape). In the vicinity
of the r = 0 streamline the entropy curve (or shock pressure ratio) is quite
flat as shown in Figure 3, just as for a blunt nosed configuration. This is
tantamount to the presumption of an infinitesimal shock standoff distance.
Such a shape was required to satisfy compatibility with the inviscid solution.
In any case, a finite amount of fluid must be entrained by the boundary layer
before entropy effects occur.
Figure 4 presents a comparison of the laminar boundary layer profile
with experimental data taken from reference' 22 at about the midway point down
the plate. The good agreement between the experiment and theory must be viewed
36
tn
g
OJ
0)
r-1
c
O
•A
•M
rfl
o
u
0)A
-P
U-l
o
o
•H
4J
m
e
0)
x:
o
0)
Cn
•H
37
c
o
13
<u
0)(fl
<u -o
•H c
•H nJ
cu cn
0) Q>
M i-l
3 J3
W Otn M
0) O4
o c
EH O
•H
J* -P
O 3
O rH
.C O
CO CO
'O "O
<JJ-H
(0
M
1
H
38
Data - Reference 22 (FP-23)
Predicted from boundary-layer and
method-of-characteristics solution
a i
Figure 4. Comparison of Measured and Predicted Pitot
Pressure at Probe Station a; Laminar Boundary
Layer
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as verification of the small entropy gradients in the experimental flow field.
Problem 1. Sample Output
Stations
a. s = 1.345 ft.
b. s = 2.18 ft.
c. s = 2.945 ft.
Reference Stagnation Conditions
PTJ =12.5 atm.
HTI = 331.3 Btu/lb
TTI = 1851°R
SLI = - 0.4896 Btu/lb-°R
b. A Flat Plate with Sharp Leading Edge - Turbulent Flow
The physical situation is that of the first problem with the exception
of an increase in free stream total pressure from 12.5 to 35.13 atmospheres.
Transition from laminar to turbulent flow occurs approximately at x/L of 0.5
(s = 2 ft.)- About a factor of 2 increase in velocity overshoot (above refer-
ence) can be noted at the last station compared to case 1.'
Figure 5 presents a comparison of the experimental and theoretical tur-
bulent profiles near the end of the plate. The agreement displayed is surprisingly
good considering the nature of the turbulent model employed and the fact that the
empirical constants employed were obtained from operating regimes far removed
from those of this example.
Problem 2. Sample Output
Stations
a. s = 1.345 ft.
b. s = 2.18 ft.
c. s = 2.945 ft.
Reference Stagnation Conditions
PTI = 35.13 atm.
HTI = 354.3 Btu/lb
TT1 = 1937°R
S., = - 0.5483 Btu/lb-°R
40
Experimental Mach
Number - Ref. 22 Fig. 17b
(FP-19)
Theoretical Mach.
Number - S = 2.18 Ft
assumed for
best fit
Figure 5. Comparison of Experimental and Predicted Mach
Number Profiles; Turbulent Flow
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c. A Curved Plate with Blunt Leading Edge - Laminar Flow
A schematic of the physical situation for this sample problem is shown
in Figure 6. The principal difference is the fact that the blunt leading edge
causes a strong detached shock to form and the curvature of the shock introduces
large entropy gradients into the flow behind the shock wave. Figure 7 shows the
total pressure ratio across the shock as a function of the vertical coordinate.
Comparison with Figure 3 shows the significant increase in total pressure loss
and the flat region at y = 0 which is characteristic of detached bow shocks.
Note also that the boundary layer must achieve a significant height before strong
entropy gradients are encountered because of this flat region.
Problem 3. Sample Output
Stations
a. s = 0.95 ft.
b. s = 1.086 ft.
c. s = 2.21 ft.
d. . s = 3.273 ft.
Reference Stagnation Conditions
PTI = 0.2818 atm.
HTI = 365.1 Btu/lb
TT1 - 1977°R
S
 x = - 0.2122 Btu/lb-°R
d. A Curved Plate with a Blunt Leading Edge - Turbulent Flow
This sample problem is the same as the foregoing in all respects with
he exception that turbulence is introduced by the use of the generators shown
n the Figure 6 schematic (in the computer code, the transition station was
pecified).
The inclusion of turbulence again causes the influence of the entropy
jradient to be greater than for the laminar case.
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Problem 4. Sample Output
Stations
a. s = 0.95 ft.
b. s = 1.086 ft.
c. s = 2.21 ft.
d. s = 3.273 ft.
Reference Stagnation Conditions
PTI = 0.2818 atm.
HTI = 341.8 Btu/lb
TTI = 1890°R
Si;L = - 0.2242 Btu/lb-QR
e. A Curved Plate with a Relatively Sharp Edge (Detached Shock)
In this problem, the configuration is different than in problems 3
and 4 because of a factor of 3 reduction in nose radius. This causes the shock
curvature and hence entropy gradient to be closer to the body than in the pre-
vious cases. As would be expected, then, entropy layer effects are more pro-
nounced . ,,
Figure 8 presents a demonstration of the coupling between the viscous and
inviscid flow fields. Velocity and density of both flow fields are presented as
a function of the normal coordinate. Note that both the absolute values of
velocity and density as well as the gradients of these quantities are matched at
the boundary layer "edge" (i.e., the outermost boundary layer solution station).
Problem 5. Sample Output
Stations
a. s = 0.945 ft.
b. s = 1.07 ft.
c. s = 2.19 ft.
d. s = 3.26 ft.
Reference Stagnation Conditions
PTI = 0.2818 atm.
HTI = 365.1 Btu/lb
TT1 = 1977°R
S. = - 0.2122 Btu/lb-°R
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SECTION IV
CONCLUSIONS AND RECOMMENDATIONS FOR FURTHER WORK
The BLIMP boundary layer code has been successfully extended to include
turbulent flows with energy and entropy gradients and flows with transverse
curvature. The basic analytical technique offers the advantages of completely
general multicomponent chemistry,- preservation of nonsimilar terms in the equa-
tions of motion, and'intimate coupling to the surface material behavior.
There are several areas where the code and the analytical model which it
includes can be improved or extended. One of these is in the general area of
modeling turbulence in the equations of motion. The model that is currently used
is perhaps the best available for general hypersonic flows, with arbitrary injec-
tion; however, an extensive investigation into the generality of the model in all
flow situations is called for. Experimental data comparisons at high Mach numbers
and possible model changes to match these data would be most valuable.
A change in the program which would make it more accurate and convenient
to use on some problems involves the a coordinate stretching parameter. On very
long bodies, the boundary layer thickness varies over two or three orders of
magnitude. The a. parameter.forces the boundary layer thickness to remain constant
in tne solution plane, thereby eliminating the need.for a large number of nodes
which are unused near the stagnation point or leading edge. For turbulent flows,
the laminar sublayer grows at a much slower rate than the total boundary layer.
As the normal coordinate is stretched in the solution plane, the nodes nearest
the wall eventually can be pulled outside the sublayer altogether, resulting in
poor convergence of the numerical technique and inaccurate solutions. A different
stretching technique scaled to the sublayer as well as the boundary layer edge
roust be invented to avoid this problem.
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